Recently, a novel 4D Einstein-Gauss-Bonnet (EGB) gravity was formulated and a spherically symmetric black hole solution in this theory was derived by D. Glavan and C. Lin [7]. In this paper, we study the geodesic motions in the background of the spherically symmetric black hole, by focusing on the innermost stable circular orbits (ISCO) for massive particle and photon sphere and shadow. Also, we find that a negative GB coupling constant is allowable in this theory, as in which case the singular behavior of the black hole can be hidden inside the event horizon. Moreover, we find that due to this extension a recently proposed universal bound on black hole size in [18] can be broken.
Introduction
In general relativity, singularity problem is one of the most fundamental questions. The first version of singularity theorem is proposed by Penrose in 1965 [1] , which states that the formation of singularities in spacetime is inevitable assuming the weak energy condition and global hyperbolicity. The singularity theorem as we often think of is the version presented and proved by Hawking and Penrose in 1970 [2] , which says a spacetime M cannot satisfy causal geodesic completeness if, together with Einstein's equations, and the other four conditions hold including the strong energy condition, the generality condition, no closed timelike curves and so on. However, the existence of singularities still makes many people nervous, because they believe the singularity is unphysical. Many attempts have been made to eliminate the singularity, which includes and is not limited to considering quantum corrections [3] [4] [5] and alternative gravities [6] . Very recently, a novel 4D Einstein-Gauss-Bonnet (EGB) gravity was formulated by D. Glavan and C. Lin [7] , and they discovered a static and spherically symmetric black hole solution focusing on the positive GB coupling constant which is practically free from the singularity problem. It's interesting to note that the same solution was already found before, initially in the gravity with a conformal anomaly [8] and then in gravity with quantum corrections [3, 4] . In contrast, in [7] the GB action should be considered a classical modified gravity theory, so the theory is on an equal footing with general relativity.
It can be expected that the discovery of this new 4D EGB black hole solution shall stimulate lots of works studying every aspect of the solution, both theoretical and viability in the real world. In astronomical survey, the existence of singularities of black holes cannot be directly observed, since the singularities are always inside the event horizon of a black hole. In fact, the event horizon cannot be directly observed by astronomical telescopes. However, the emergence of black hole photographs shows, the black hole shadow and the orbit of the light emitter around the black hole can be seen by the Event Horizon Telescope (EHT), and thus the parameters of a black hole can be identified based on the black hole model [9, 10] . This may provide a new way to distinguish Schwarzschild black holes from other black holes including the new novel solution in 4D EGB gravity. Based on this, we would like to investigate the innermost stable circular orbit (ISCO) and shadow of the black hole in the novel 4D EGB gravity.
Before we get started, we note they only talk about the solution constraining on the positive GB coupling constant α > 0 and leave a gap in the negative GB coupling constant. Thus, we firstly give a very careful analysis and find the black hole can exist when α < 0. More precisely, we find that when −8 < α ≤ 1 there always exists a black hole. Then, for the first time, we calculate the ISCO and give a numerical result for the full range of α 1 . Also, we show an approximate analytical expression when α is very small around 0. We find the radius of the ISCO in the novel solution can be bigger or smaller than the one in Schwarzschild black hole depending on the value of α. For the photon sphere and the shadow, we find the exact expressions not only for 0 < α ≤ 1 but also for −8 < α < 0. Comparing the results to the schwarzschild black hole, we find this novel static spherically symmetric black hole contains more features and information which deserves further study.
The paper is organized as follows. In section 2, we revisit the novel 4D EGB gravity and determine the full range of α when the spacetime contains a black hole. In section 3, we move to the innermost stable circular orbit in the novel 4D EGB gravity. Next, we turn our attention to the photon sphere and shadow in section 4. And conclusions are summarized in section 5. In this work, we have set the fundamental constants c and G to unity, and we will work in the convention (−, +, +, +).
Revisit the novel 4D Einstein-Gauss-Bonnet gravity
The Einstein-Hilbert action supplemented by a GB term in D = 4 has the form
where α is the GB coupling constant. The static and spherically symmetric solution in this theory were already found in D ≥ 5 [14] . But in D = 4, the GB term is a total derivative, and hence does not contribute to the gravitational dynamics. Unless an extra scalar filed is introduced to be coupled with the GB term, which is known as Einstein-dilaton-Gauss-Bonnet theory [15, 16] . However, recently Glavan and Lin [7] found that by rescaling the coupling constant,
of the GB term, and then consider the limit D → 4, the Lovelock's theorem can be bypassed and there exists spherically symmetric solutions in this case. The form of the solution is taken as
where M is the mass of the black hole. In [7] , they argued α < 0 will lead to that there is no real solution at short radial distances for which r 3 < −8αM , and then focused on the positive α. However, we will discuss the range of α in details and claim that the solution always behaves well beyond the (outer) horizon for −8 < α ≤ 1. In other words, the singular point r = −2(αM ) 1/3 is always hidden inside the (outer) horizon, and thus the function of the metric f (r) is always positive beyond the (outer) horizon.
For simplicity and without loss of generality, we set M = 1 in the rest of this paper. Let's start with the property of the function f (r). From f (r) = 0, we find f (r) only has one extreme point at r = α 1/3 . In addition, for α > 0, we have Fig.  1 , where we take α = 1/2 as an example for 0 < α ≤ 1 and α = −1/2 for α < 0. In this case, the radii of the horizons read
While for α < 0, since r = α 1/3 < 0, we have to confine f (−2(α) 1/3 ) = 1 + 2α −1/3 < 0 to make sure the existence of the only horizon, which gives us −8 < α < 0. And for this situation, we find the single horizon is at
Hereto, we have shown the 4D EGB black hole exists when −8 < α < 0 and 0 ≤ α ≤ 1. And we would like to stress that one shouldn't ignore the branch −8 < α < 0 when talking about the whole property of the 4D EGB black hole.
Here we use a few words to talk about the thermodynamic properties of the black hole solution. As we mentioned in the introduction, the solution (2.3) was initially found in gravity with conformal anomaly [8] . Therefore, as was studied in that paper, there exists a logarithmic correction to the well-known Bekenstein-Hawking area entropy. In this case the Wald's entropy formula [17] cannot be applied. Instead one can turn to the first law of black hole thermodynamics for help, i.e. dM = T dS, with the temperature being
8)
where r h denotes the radius of the event horizon. The positivity of the temperature requires that the GB coupling constant satisfies the bound which is exactly the same as the one we derived above, i.e. −8 < α ≤ 1. The entropy is then given by
where A = 4πr 2 h is the horizon area and A 0 is a constant with dimension of area. For more details on the discussions of the logarithmic behavior of the entropy one can refer to [8] . At last, as stated in [7] the 4D EGB gravity is significantly different from the conformal anomaly, so although the entropy formulas in the two theories are the same their origins might be different.
3 The innermost stable circular orbit in the novel 4D Einstein-Gauss-Bonnet gravity
In this section, we will concentrate on the innermost stable circular orbit in the background of the 4D EGB black hole. The geodesic motion of a particle is governed by the equation
where m is the mass of the particle. m = 0 describes the null particles and non-zero m corresponds to the timelike particles. Since the 4D EGB black hole is a static and spherically symmetric solution, one can always restrict the particle on the equatorial plane, thus the 4-velocity of a particle takes in this form v = (ṫ,ṙ, 0,φ), (3.2) where · represents the derivation of the function with respect to the proper time. Combined with two conserved quantities for such geodesics, i.e.
then we obtain the orbit equation,
Circular orbits correspond to V = 0 and V (r) = 0, where denotes the derivative with respect to the radius r. Using these two equations, we have
where Circular orbits do not exist for all values of r. The right hand of Eqs. (3.5) and (3.6) must be non-negative. Since these expressions are very complex, we prefer to leave it to check in the following discussions. However, we observe the function R(r) appears in the denominator of Eqs. (3.5) and (3.6), the limiting case of equality gives an orbit with infinite energy per unit rest mass, i.e., a photon orbit. As we will see in next section, the photon sphere is the innermost boundary of the circular orbits for null particles and it occurs at the root of R(r) = 0. In this section, our attention is focused on the innermost stable circular orbit, so we leave the discussion of photon sphere and black hole shadow in next section.
The circular orbits are not all stable. Stability requires that V ≤ 0 and the equality gives us the ISCO. The expression of V is rather complicated, so we omit the exact expression and give the numerical result of ISCO, see the left picture on the upper panel in Fig. 2 . To keep our result self-consistent, we substitute the radius of the ISCO in the right hand of Eqs. (3.5) and (3.6), after some non-trivial algebraic manipulations, we are happy to see when r ≥ r ISCO , e 2 and j 2 are always positive.
We find that the ISCO is a decreasing function of α, and so when 0 < α ≤ 1, the ISCO is smaller than the one in Schwarzschild black hole, i.e. r ISCO < 6 while r ISCO > 6 for −8 ≤ α < 0. In addition, we introduce a new paprameter
to denote the extent to which the ISCO radius deviates from the radius of the event horizon. We find that is increasing as α, as shown in the top right panel of Fig. 2 . Moreover, when α is very small around 0, we obtain an approximate analytic result of the ISCO, that is
In Fig. 2 , we also show the comparison between the numerical result with our approximate result, the orange line is the approximate result and the blue one is the numerical result. As expected, we find they match very well for a small α. This result may be helpful when someone is interested in the case that an astronomic black hole has a very small deviation from the schwarzschild black hole in the 4D Einstein-Gauss-Bonnet gravity.
Photon sphere and shadow
In this section, we will discuss the photon sphere and shadow of the 4D EGB black hole. In the geometric optics limit, the motion of a photon is treated as a null geodesic. In the background of the 4D EGB black hole, the orbit equation for the null geodesics is just Eq.(3.4) with m = 0. By evaluating the equations V = 0 and V = 0, we obtain the circular null geodesic occurring at
Due to the spherical symmetry, the photons will fill all the circular orbits to form a so-called photon sphere. One can easily show that the radius of the photon sphere is a decreasing function of the GB coupling constant α. The corresponding constant of motion for this photon sphere is given by
One can check that for arbitrary values taken in the interval 1 ≥ α ≥ −8, one always has V > 0 with r = r ph and the constant of motion takes the above value, which means the photon sphere in the background of the 4D EGB black hole is unstable. One interesting property for the 4D EGB black hole is that the bounds on the photon sphere proposed by [18] can be broken when α is allowed to be negative. In [18] 2 , the authors made a conjecture for a sequence of inequalities for several parameters characterizing the black hole size, viz.,
where r sh denotes the radius of the shadow. In what follows we will show that these relations can be violated for the 4D EGB black hole. We first focus on the photon sphere and later on turn to the shadow. From Fig. 3 , we can see that when α ≥ 0 the above inequalities works, but when α < 0, r ph can be less than 3r h /2 and r ph can be larger than 3M . Therefore, in the case α ≤ 0 the inequalities involving r ph modifies as
The existence of unstable photon sphere means the appearance of the observable of the black hole, the black hole shadow. We consider all null geodesics that go from the position of the static observer at (t O , r O , θ = π/2, φ O = 0) into the past. Those critical null geodesics that orbit around the black hole on the photon sphere will leave the observer at an angle θ with respect to the radial line that satisfies tan θ = rdφ g rr dr r=r O .
(4.5)
From the orbit equation we then find
For a static observer at large distance, i.e., r O r h , this expression can be further simplified as
.
(4.7)
Therefore the linear radius of the shadow is simply given by
where r ph is obtained in (4.1). Since the explicit expression is not very illuminating, so we will not present it here. But up to linear order in α, we find r ph = 3
, which means r ph is a decreasing function of α. For finite values of α, the conclusion is the same. Thus, we find that all the four parameters that characterizing the size of a black hole, including the event horizon, ISCO, photon and shadow, are decreasing functions of the GB coupling constant. 2 In subsequent developments, the work is generalized to the rotating black holes [19] and charged EGB black hole in D ≥ 5 dimensions [20] , and the conjecture for static black holes in Einstein gravity was proven in [21] . 3 Note that this looks different from the result in [11] , as in their convention the event horizon was set to unity. Let's now return to the inequalities involving the shadow radius. As is shown in Fig. 4 , the relations involving r sh obey the inequalities (4.3) for a positive α, however, for a negative α, the relations are reversed, that is,
Combined above inequalities with (4.4), we find that for α ≤ 0, the inequalities (4.3) should be totally reversed. Actually, one can check that for higher dimensional EGB black holes [20] , the negative GB coupling constant will lead to the broken of the higher dimensional version of the bounds 4.3 as well.
Summary
In this paper, we studied the geodesic motions of timelike and null particles in the sacetime of the recently found 4D EGB black hole. We carefully analyzed the metric and found that the GB coupling constant could be negative, because even in this case the singular behavior of the black hole only occurs behind the event horizon. Within this extension, we calculated the radius of the innermost stable circular orbit (ISCO) for the timelike particles and found that this radius is a deceasing function of the GB coupling constant. In addition, we calculated the radii of the photon sphere and shadow of the 4D EGB black hole. Beside the ISCO radius, all the other three parameters characterizing the size of the black hole, namely the event horizon, the photon sphere and the shadow, are decreasing functions of the GB coupling constant when the mass of the black hole is fixed as unity. As a consequence, the universal bounds on the size of a spherically symmetric black hole proposed in [18] can be broken for a negative GB coupling constant.
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